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ABSTRACT 
We introduce a new measure of irreducibility of a doubly stochastic matrix and 
find the best estimate from below for the distance of nonstochastic eigenvalues from 
one. The estimate is used to obtain a Cheeger-type inequality for the second 
Laplacian eigenvalue of a weighted graph. 
I. INTRODUCTION 
A doubly stochastic matrix (i.e. a square elementwise nonnegative matrix 
with all row and column sums equal to one> A has the property that 1 is its 
simple eigenvalue if and only if A is irreducible. This fact allows a quantita- 
tive strengthening when some measure of irreducibility is used. In [2], the 
number 
CL(A) = min 
McN, 0#M+N igM &Ma’k 
[for an n X n matrix A = (a&) and N = {1,2, . . . , n)] was used, and an 
estimate 
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was proved for eigenvalues h of A, h # 1. It was shown that 2[1 - cos(?r/n)J 
is the best multiplicative constant for each n > 2. 
With the same notation, we shall introduce here the averaged measure of 
irreducibility of A as 
a(A) = (1) 
In Theorem 1 below, we shall find an analogous estimate from below in 
terms of o( A). 
As is well known, there is an intimate relation between estimates of this 
kind for symmetric stochastic matrices and estimates for the second smallest 
eigenvalue of the Laplacian matrix of a graph. For this eigenvalue, a number 
of inequalities relating it to the minimum cut of the graph as well as to the 
isoperimetric number [7] of the weighted graph which uses the expression 
have been proved [l, 2,6-81. In Section 3, inequalities using a corresponding 
average isoperimetric number will be proved. An interesting feature is that 
for the estimate from below the best multiplicative constant is independent of 
the number of vertices of the graph. 
In the whole paper, we shall call nonstochastic eigenvalue of A any 
eigenvalue of A left after deleting one eigenvalue 1. 
2. RESULTS 
We shall prove the following 
THEOREM 1. Let h be any nonstochastic eigenvalue of a doubly stochas- 
tic m&-ix A. Then 
11 - hi > 24 A) (2) 
and the multiplicative constant 2 is the best possible for any fixed order of A. 
Proof. We shall first prove three propositions. 
PROPOSITION 1. Let S = (sik) be a symmetric (real or complex) matrix 
with eigenvalues h, p corresponding to eigenuectors x = ( xk), y = ( yk), 
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respectively. Then for every nonvoid proper subset M of N, 
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(A - k)kFMxkYk = c c %kbkYi - XiYkh 
iEM kEN\M 
(3) 
Proof. W.l.o.g., we can assume that M = {1,2, . . . . m} and that A is 
partitioned as 
A= 
where A,, is m X m. If 
x= (:::;), Y = (;::: 
is the conformal partitioning of x and y, we have 
A# + AI@ = Ax(‘), 
AT, x(l) + A&) = Ax@), 
A,, y(l) + A,, y@) = py(‘), 
AT 
12 Y 
(1) + A,, y@) = py@). 
Premultiply the first equality by y(l)r, 
tiplied by r 
and subtract the third equality premul- 
(ljT. We obtain, because of the symmetry of A,,, 
y(1)TA12 x (74 _ #)TA 12 y(z) = (A - /J) y(lQ(l), 
which is (3). ??
PROPOSITION 2. 
quadratic form 
The n X n matrix Z = (zik> corresponding to the 
n-l 
c k(n - a;)(xk - xk+1)2 
k-l 
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has 2 as its second smallest eigenvalue. Also, 
Proof. The matrix 2 is a singular tridiagonal positive semidefinite matrix 
with the eigenvector e = (1,. . . , ljT corresponding to the smallest eigenvalue 
0. It is then easily checked that the vector y = ( yk) with yk = n + 1 - 2k, 
k = 1,2, . . . , n, satisfies 
zy = 2y. 
By a well-known property of the signs of the coordinates of the eigenvec- 
tor y (cf. [4, Corrolaries 2, 5]>, 2 is the second smallest eigenvalue of Z. ??
PROPOSITION 3. Let A = (aik) be an n X n doubly stochastic matrix, 
S = i< A + AT>. Let h,(S) denote the second largest eigenvalue of S. Then 
for any nonstochastic eigenvalue h of A, 
Re A < h,(S). (5) 
Aho, for the averaged mtmures of irreducibility of A and S, 
a( A) = a(S). (6) 
Proof. If A = 1, A is reducible and h,(S) = 1 as well. If h # 1, let 
Ay = A y, y # 0. Then the (Hermitian) inner product ( y, e) = 0. Further, 
(AY, Y) = A(Y, Y>> 
so that 
(ATY, Y) = (Y? AY) 
= (AY,Y) 
=A( y, y). 
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Consequently, 
(SY, Y> = Re 4 YT Y>- 
Thus 
= ReA. 
To prove (6), let M be any nonvoid proper subset of N. Then, 
c c aik = ,FM kFNaik - 1 EMaik 
isM keN\M 
=IM!- (IMi- c c qk) 
iEN\M kcM 
= c ski* 
ieM, kEN\M 
Thus, for S = (sik), 
c Sik = c aik T 
iEM, kEN\M iEM, kEN\M 
and (6) follows. ??
Returning to the proof of the theorem, let S = (sik) be the matrix 
i( A + AT), and y = ( yk) a real eigenvector corresponding to the second 
largest eigenvalue i of S and such that ( y, e) = 0. W.l.o.g., we can suppose 
that y1 > yz > 0.. > yn. Since C y, = 0 and yr > 0, it follows that 
j=l 
for k = l,...,n - 1. 
Let t E {l, . ..) n - l}. By Proposition 1, 
(1-A&= & it %k(yi-Yk). 
i=l i=l k=t+l 
(7) 
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Since for i E (1, . . . , t}, k E {t + 1, . . . , n) 
Yi - Yk a Yt - Yt+l> 
we have from (7) for t = 1, . . . , n - 1 
MIROSLAV FIEDLER 
(1 - $Yi = i g1 kE$+,  &Y’ - yt+Mn -t), 
so that 
(1 - 9 i Yi 2 ewn - WYt - Yt+d. 
i=l 
Multiply the tth inequality by yt - yt+ 1 and add them for t = 1,. . . , n - 1, 
together with 
We obtain 
By (4), 
(1 - i) y, 5 yi = 0. 
i=l 
(1 - X) 2 y: 2 a(S) nilt(n - t)( yt - yt+1)2. 
i=l t=1 
1 - i > Bcy(S). 
Consequently, (5), (8), and (6) yield that for any 
of A 
11 - hl > 11 - Re h( 
=l-Reh 
21-i 
2 2a(S) 
= 2cz( A). 
(8) 
nonstochastic eigenvalue A 
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To show that 2 is the best multiplicative constant for each n, define 
R = n(n + 1) and the doubly stochastic n X n matrix A = (a,,) by 
n-l 
a11 
=I-- 
R ’ 
n-l 
a nn =I...-- R ’ 
k(n - k) (k - l)(n - k + 1) 
a 
!&=l- R - R 
k = 2,...,n - 1. 
k(n -k) 
ak,k+l = ak+l,k = R ’ 
k = 2,...,n - 1, 
aP4 = 0 in all other cases. 
The second largest eigenvalue of this symmetric matrix A is 1 - 
Let us show that (y(A) = l/R. Let the minimum in (I) be attained 
2/R. 
for a 
subset M of N. We can assume that 1 E M, since otherwise we go over to 
N \ M. Thus let exactly the first si > 1 indices from N belong to M, the 
next t, indices to N \ M, the next sa indices again to M, etc. Thus (we do 
not specify the final numbers) 
I MI = s1 + s2 + --a, 
IN \ Ml = t, + t, + --a. 
We shall show that 
C C uik 2 f CsiCtj. 
icM kcn\M 
Indeed, the left-hand side is (only the pairs arising from consecutive indices 
belonging to different sets M, N \ M count) 
;[Sl(tl + s2 + t, + ---) + (Sl + t,)(s, + t, + ***) 
+(sl + t, + sz)(t, + sg + *-*) + -]; 
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this is at least (l/R)Cs,Ct., 
expression at least once: f’ 
since every term (l/R)sitj appears in the above 
or j < i in the term the second factor of which 
begins with si, for j > i in the term the first factor of which terminates with 
si. 
Thus 
and equality is attained for s1 = 1 and t, = n - 1. It follows that equality in 
(2) can be attained for every rr [and nonzero (Y( A)]. ??
3. APPLICATION TO WEIGHTED GRAPHS 
For a weighted undirected graph G, = (N, E) on n vertices 1,2,. . . , n, 
we define the averaged minimal cut as the number 
(9) 
[cik is the nonnegative weight of the edge (i, k); if there is no edge, we set 
Cik = 01. 
We recall that the Laplacian matrix of such a weighted graph G, is the 
matrix L(G,) of the quadratic form 
c Cik( xi - xk)2. 
i,keN,i<k 
Its second smallest eigenvalue (the smallest is zero) a(G,) was called in [3] 
the algebraic connectivity of G,. 
THEOREM 2. For every weighted graph Gc with n > 2 vertices, the 
algebraic connectivity a(Gc) and the averaged minimal act cut y(Gc) satisfy 
2y(Gc) Q a(Gc) Q ny(Gc). (10) 
The multiplicative constant 2 in the left inequality is the best for any (jxed) 
number of vertices of G c ; it is attained for a weighted path the weight of each 
edge of which is chosen as the product of the number of vertices in the two 
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branches. The multiplicative constant n in the right inequality is also the best, 
being attained for the complete graph with all weights one. 
REMARK. (10) can be considered as a Cheeger-type inequality [l]. 
Proof. Let d, be the maximum weighted 
Then the matrix 
s = l- &(G") 
C 
degree of a vertex in G,. 
is doubly stochastic and symmetric. The eigenvalues u1 3 u2 > .*a > a, of 
S and the eigenvalues A, < A, < *em < A, of L(Gc) are thus related by 
1 
cTi = 1 - -A. 
d, ” 
i=l >***, n. 
In particular, 
a, = 1 - $a(G,). 
c 
By (1) and (91, th e averaged minimal cut y(C,) and the averaged measure of 
irreducibility a(S) of S satisfy 
a(s) = -&(Gc). 
c 
By Theorem 1, 
so that 
1 - a, > 2a(S), 
-&a(&) Z $Y(%)- 
c C 
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i.e. the left-hand side of (10). The validity of the mentioned case of equality is 
easily checked. 
The right inequality in (10) is essential known. Let equality in (9) be 
attained for M,, 0 # M, # N. We apply the formula [3] 
u(G,) = n min 
ci < kcik( ‘i - ‘k)’ 
x+ce ci < //( xi - x$ 
to x = (xi>, xi = 1 for i E M,, xi = 0 for i E N \ M,, thus obtaining the 
right inequality in (10). Equality is attained for the complete graph. ??
In conclusion, let us briefly discuss the relation between the average 
minimal cut y(G,) and the usual minimal cut (edge connectivity) e(G,) 
defined by 
e(G,) = min c ‘ik* 
IZrzM+’ i~A4, ksh’\M 
Since 
8 1 1 
2n2 + (-1)” - 1 ’ IMl(n - IMI) ’ n-l’ 
we have 
84Gc 1 1 
2n2 + (-1)” - 1 
G Y(%) G n_le(c,). (11) 
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